Abstract-Although iterative learning control (ILC) algorithms enable performance improvement for batch repetitive systems using limited system knowledge, at least an approximate model is essential. The aim of the present technical note is to develop an ILC framework for sampled-data systems, i.e., by incorporating the intersample response. Hereto, a novel parametric system identification procedure and a low-order optimal ILC controller synthesis procedure are presented that both incorporate the intersample behavior in a multirate framework. The results include i) improved computational properties compared to prior optimization-based ILC algorithms, and ii) improved performance of sampled-data systems compared to common discrete time ILC. These results are confirmed in a simulation example.
considered problem is decomposed into two subproblems: i) the construction of parametric models and ii) optimal ILC using parametric models. The key requirements for the approach are i) the intersample behavior should be addressed as motivated in [2] , [3] , ii) the algorithms should enable an efficient and numerically tractable implementation, and iii) the approach should be able to deal with the presence of a feedback controller.
Any ILC approach requires certain system knowledge reflected by a model, since large model errors can result in a divergent learning process as is evidenced by robustness analyses [5] . Although modeling for ILC is considered in [6] , the approach is restricted to nonparametric models. In [7] , [8] , ILC for improved experiment design is considered, however, this does not deal with identification in view of ILC. Thus, although it has often been argued, e.g., [8] , that the application should be taken into account when identifying models, the ILC application has remained largely unexplored, even in the simplified case where the intersample behavior is neglected.
When identifying models in view of ILC for sampled-data systems, the model should represent the intersample behavior. In general, the required models cannot be uniquely recovered from their discrete time model representation, as is shown in [9] . As a basic requirement, system identification should thus be able to deal with time-varying aspects that are generally introduced by incorporating the intersample behavior in a multirate or sampled-data setting. In the case of sampled-data systems, these aspects are commonly dealt with through lifting [10] . Key contributions include dealing with the causality constraint of the identified models, see [11] , and dealing with non-uniformly sampled data, e.g., [12] . However, as shown in Section III, these causality problems and non-uniformly sampled data do not arise in the considered ILC problem.
In many optimization-based ILC algorithms, including [3] , [4] , [13] , the use of convolution matrices leads to intractable computations for large-scale problems. Here, large-scale refers to the situation where either one of the variables regarding the trial length N l , the number of inputs nu and outputs ny, or the amount of considered intersample data represented by F is large. Specifically, the typical matrix dimensions associated with the approaches in [3] , [4] , [13] are (F 3 flops. For a discrete time ILC application such as precision motion systems, see [1] , 6 inputs, 6 outputs, sampling frequencies in the order of 10 4 Hz, and tasks in the order of several seconds already lead to intractable computations when using standard numerical algorithms. In contrast, it turns out that in the case that the underlying system is considered in its original dynamic form, a connection can be established between linear quadratic optimal control and ILC, leading to significantly more efficient algorithms. Results in this direction are presented in [14] , [15] , however, these approaches are restricted to a specific optimization criterion and cannot deal with the intersample behavior. The aim of the present technical note is to develop efficient ILC algorithms that deal with the intersample behavior. At present, the system identification problem for sampled-data ILC and the optimal sampled-data ILC problem have not yet been appropriately dealt with. The key contribution of this technical note includes a low-order parametric approach to system identification for sampleddata ILC and an optimal ILC controller synthesis procedure. The proposed system identification procedure applies to closed-loop systems and delivers a model that encompasses the intersample behavior in a multirate setting. The resulting model can be used directly in the presented optimal ILC synthesis procedure. In contrast to pre-existing approaches based on convolution matrices, the involved computations involve a discrete time Riccati equation and the involved matrix dimen-0018-9286/$26.00 © 2011 IEEE sions are bounded by the order of the underlying model, which is typically orders of magnitude smaller than the trial length and independent of the incorporation of intersample behavior and number of inputs and outputs. The low-order approach thus enables an efficient and numerically tractable implementation for large-scale problems. In addition, the use of low-order parametric models enables a reduction of non-systematic errors during system identification, e.g., in terms of variance. In the next section, the considered problem is defined in detail.
The technical note is organized as follows. In the next section, the problem formulation is defined precisely. Then, in Section III, the system identification for multirate ILC problem is addressed. A low-order solution to the optimal multirate ILC problem is presented in Section IV. The discrete time case is recovered for F = 1, where F is defined in the next section. Then, in Section V, an example illustrates the obtained results. Finally, conclusions are provided in Section VI. respectively. Here, S u increases the sampling frequency of a discrete time signal, whereas I F (q) interpolates these values using a zero-order-hold interpolation scheme.
The motivation for considering two distinct sampling frequencies f l and f h stems from the constraint that the sampling frequency of the feedback controller is upper bounded, since the new control input has to be computed in real time. In contrast, in many control applications it is possible to measure and store the error signal at a higher sampling frequency f h . As a result, the measured signals at the high sampling frequency can be processed in between consecutive trials by the ILC algorithm. Finally, it is remarked that the control signal w l is assumed additive to the controller output, see (1) . This assumption is nonrestrictive and stems from common ILC implementations [3] . Taking into account these aspects leads to the optimal multirate ILC problem. : The multirate ILC problem approximates the sampled-data ILC problem that is introduced in [3] . In fact, convergence to the underlying sampled-data problem can be established under certain technical conditions. In contrast, common ILC approaches are implemented in discrete time and involve a criterion of h that is suitable for solving the optimal multirate ILC problem. Standard optimal ILC algorithms, including [13] , and system identification approaches, including [16] , do not solve Problem 1 and Problem 2, since these approaches typically require time-invariance of the system. Indeed, the system JMR is generally not time-invariant, even if both P and C d;l are time-invariant. Time-variance of JMR for F > 1 can be understood if it is observed that e h operates at a higher sampling frequency than w l .
Although a solution to Problem 1 is proposed in [3] , the involved matrix dimensions inflate for increasing n y ; n u ; f l ; F . This precludes the solution in [3] to large-scale ILC problems that are commonly encountered in applications. In addition, the system identification for multirate ILC problem has not been dealt with in the literature. 
III. SYSTEM IDENTIFICATION FOR MULTIRATE ILC
Here, e h is an ny dimensional signal with sampling frequency f h , whereas e is an F n y dimensional signal with sampling frequency f l . The following properties of the lifting operator are relevant for subsequent developments. Lemma 3: The lifting operator (5) a) is norm-preserving, since kekp = ke h kp. b) is not a causal operator for F > 1.
Proof: Property (a) follows along similar lines as in [10, Page 420] . To prove Property b, causality requires P GP = P G, 8 2 t, which does not hold if = 0 and F > 1.
The following theorem is essential for subsequent developments.
Here, P d;h = S h P H h and P d;l = S d P d;h Hu are LTI systems operating with sampling time T h and T l , respectively. In addition, 
Proof: Let x h p denote the state vector of P d;h . Using (3) and successive substitution yields
Subsequent application of (4) and (2) yields
and corresponding output equation
Next, substitution of (6) and (7) iii) identify a model J MR with input w l and output 0e. The following remarks are relevant. Firstly, although J MR is a closedloop system, the identification problem is posed in an open-loop setting and no problems are introduced by the closed-loop operation of the system. In fact, the proposed approach is closely related to the indirect approach to closed-loop system identification as is discussed in [16, Section 13.5] . Secondly, in view of Theorem 5 , the operator J MR is LTI, enabling the use of standard system identification techniques. In fact, in view of Lemma 3 a), the identification criterion in many cases is invariant under lifting, hence an identified model that is optimal in the lifted domain is generally also optimal in the physical time domain. Thirdly, note that Step 3 in Procedure 6 involves lifting, which is a non-causal operation. In contrast to, e.g., [11] , where related but different approaches to the identification of multirate systems are presented, no additional constraints have to be imposed in the Procedure 6 to avoid non-causality of the underlying models in the physical time domain. This is due to the lack of an inverse lifting operator in the definition of JMR. Finally, it is remarked that a model structure and order have to be selected in Procedure 6 Item iii). Such a model structure selection problem is inherent in any identification problem, see, e.g., [16, Chapter 16 ] for a discussion of this aspect. Any order selection procedure for open-loop systems can be used for the considered problem in this technical note. The order selection procedure generally leads to a McMillan degree that is bounded by the sum of the McMillan degrees of P and C d;l .
Next, it is shown that the model J MR enables the design of low-order optimal ILC controllers, see Problem 1.
IV. OPTIMAL MULTIRATE ILC
In this section, a low-order state-space solution is presented to Problem 1. The following criterion is considered, which generalizes optimal ILC to incorporate intersample behavior. 
where We := IF We.
Proof: Follows by applying (5) to (8). Lemma 8 enables the direct use of the identified LTI model in
Section III to solve the multirate ILC problem, thereby explicitly addressing the intersample behavior. The solution to the multirate ILC problem via the lifting operator is the main result of this section and is given in the following theorem. where C ILC is given by the state-space realization (18) with boundary conditions 1x hki (0) = 0 and hki (N l ) = 0.
Using the well-known sweep method [17] , the transformation hki (t) = P (t)1x hki (t) 0 g hki (k) is used to remove the dependency of (18) on and to solve it for 1x hk+1i (t). By observing that the resulting equation should hold for all 1x hki (t), it is clear that both (11) and (12) should hold. Next, using the same transformation in (17) , subsequently substituting (15) and solving for 1w l hki (t) yields 1w l hki (t) = 0L(t)1x hki (t) + L e (t)e(t) 0Lw(t)w l hki + Lg(t)g hki (t + 1): (19) Next, the optimal state trajectory 1x hki can be computed by substituting (19) into (15) using boundary condition 1x hki (0) = 0, leading to 1x hki (t + 1) = (A 0 BL(t))1x hki (t) + BLg(t)g hki (t + 1) 0BL w (t)w l hki (t) + BL e (t)e(t): (20) Finally, (20), (19), and (13) yield the desired result (10).
The main result of Theorem 9 is a state-space realization of an optimal ILC controller in the sense of (8) . The order of the controller is equal to the state dimension of the underlying parametric model, see Theorem 5. The main computational effort in the implementation of the results of Theorem 9 are the computation of a discrete time Riccati equation (11) and backward recursion (12) , whose dimensions depend on the state dimension of the model JMR, as well as the filtering by the time varying controller C ILC , whose state dimension again equals the state dimension of the model JMR. In this respect, increasing the trial length N l , sampling ratio factor F , or the number of inputs n u and outputs n y of P only affects the length of the signals to be filtered. This enables an efficient implementation in a digital computer environment. In contrast, the approaches in [3] , [4] , [13] , etc., resort to a linear least squares problem that involves matrices whose dimensions scale with N l , F , nu, and ny.
Equation (14) reveals that the structure of the problem is related to the linear quadratic tracking problem [17] , which is known to be not causal due to the need for future reference signals in the optimization.
In the ILC problem, the error e hki and command signal w l hki from the previous trial constitute the reference signal, resulting in a causal control law in the trial domain. In contrast, the resulting ILC controller is generally not causal in the time domain. In analogy to the solution to the finite time linear quadratic optimal control problem [17] , the controller C ILC is time-varying. Alternatively, a time-invariant result can be derived, followed by an appropriate selection of boundary conditions, as is suggested in [18] .
Although the results in Theorem 9 are related to the linear quadratic tracking problem [17] and the optimal ILC controllers in [14] , [15] , the derivation here is more involved due to the more complex criterion (9) and the presence of a direct feedthrough D in the multirate case, even if P is strictly proper, see Theorem 4.
The convergence properties of the ILC algorithm defined by Theorem 9 are similar to the results obtained in [3] . Hence, w l h0i can be chosen arbitrarily due to monotonic convergence properties in w l .
V. EXAMPLE
A velocity feedback control controlled two mass-spring-damper system is considered with state-space realizations Then, Procedure 6 is applied and the 2-norm of the prediction error "(t) = 0e(t)0JMR(q)w l (t) is minimized, which is a standard openloop LTI identification problem, see [16] . By virtue of Lemma 3 (a), k"(t)k2 = kL 01 "(t)k2, hence the prediction error in the physical time domain is also minimized. By using independent validation data in the approach of [16, Section 16] , it appears that the optimal model order for JMR is four, which equals the order of the underlying closed-loop system. Secondly, the optimal ILC procedure of Section IV is invoked. Here, Fig. 2 , bottom, it appears that the proposed multirate ILC controller results in a well-balanced at-sample and intersample response, both of which are significantly improved compared to e h0i . Specifically, the multirate ILC controller does not attempt to attenuate the 437.5 Hz component, since this component originates from a higher frequency band than can be attenuated using w l .
VI. CONCLUSION
In this technical note, system identification for ILC and an optimal ILC synthesis framework for sampled-data systems is presented. Timevarying aspects of the involved systems, which are introduced by the consideration of intersample behavior, are appropriately addressed in a multirate framework. The results address a largely unexplored area of identifying models in view of application in ILC. In addition, the simulation example reveals that the proposed multirate ILC approach outperforms common discrete time ILC algorithms. Specifically, it is shown that common discrete time ILC algorithms may decrease the performance of sampled-data systems by deteriorating the intersample response. In contrast, the proposed multirate approach optimally balances the at-sample and the intersample response. Although only a short trial length is considered in the simulation example, extensive additional simulations confirm that in contrast to prior results, the proposed ILC controller enables implementation for large-scale problems.
The proposed results pave the way for more efficient identification of models in view of ILC for sampled-data systems. Further research is still required to clarify the intimate connection between system identification and ILC, e.g., with respect to experiment design, the role of model uncertainty, and robust ILC synthesis.
Stabilization of Switched Systems With Nonlinear Impulse Effects and Disturbances

Yuangong Sun
Abstract-In this note, we investigate the stabilization of switched systems with nonlinear impulse effects and disturbances. Based on the estimate on transition matrices and Gronwall inequality, feedback laws are designed to achieve the exponential stability of the closed-loop system with arbitrary switching frequency.
Index Terms-Disturbance, impulse, stabilization, switched system.
I. INTRODUCTION
Switched systems belong to a class of hybrid dynamic systems consisting of a family of continuous or discrete time subsystems and a switching law specifying the switches between them. In the last twenty years, the stability and stabilization problems for switched systems have attracted considerable efforts. When the switching laws are modeled as finite state Markov chains, necessary and sufficient conditions have been given to solve the problem for both the nonadaptive case (c.f. [1] ) and the adaptive case (c.f. [2] ). When the switching law is arbitrary, one way to investigate the stability and stabilization problems is to find a common Lyapunov function for all the subsystems (c.f.
[3]- [6] ). Another commonly used approach is to assume that a system remains unswitched for a period long enough to allow the overshoots of the closed-loop system in the transient phases to fade (c.f. [7] and [8] ).
For systems that switch among a finite set of controllable linear systems, the stabilization problem of switched systems with arbitrary switching frequency has been studied in [9] and [10] by developing an improved estimation on transition matrices. For the case of planar switched systems, necessary and sufficient conditions for stabilization of the system under arbitrary switching law are given in [5] and [11] . When the system state is not easy to measure directly, the observer-based stabilization problem has been studied in [10] and [12] . For switched systems with impulse effects, exponential stability was analyzed by using the matrix measure concept and average dwell time approach in [13] . However, for switched systems with nonlinear impulse effects and disturbances, the stabilization problem of the switched system with arbitrary switching frequency remains unknown to the best of our knowledge.
In this note, we will follow the method formulated in [9] and [10] to further study the stabilization problem of switched systems with nonlinear impulse effects and disturbances. To guarantee the exponential stability of such a system at a given switching frequency, it is certainly not enough to just stabilize each individual system for the obvious reason that the overshoots due to impulses and disturbances may destroy the stability. Based on an improved estimate on 
